We investigate the effects of the symmetry energy on nuclear "pasta" phases and the crust-core transition in neutron stars. We employ the relativistic mean-field approach and the coexisting phases method to study the properties of pasta phases presented in the inner crust of neutron stars. It is found that the slope of the nuclear symmetry energy at saturation density plays an important role in the crust-core transition and pasta phase properties. The correlation between the symmetry energy slope and the crust-core transition density obtained in this study is consistent with those obtained by other methods.
I. INTRODUCTION
Neutron stars are fascinating laboratories for the study of cold matter ranging from subnuclear density to several times normal nuclear matter density. It is generally believed that a neutron star has an outer crust of nuclei in a gas of electrons, an inner crust of nuclei in a gas of neutrons and electrons, and a liquid core of homogeneous nucleonic matter [1] [2] [3] .
The inner crust is of great interest because of its importance in astrophysical observations and its complex phase structure [4] . Nuclei with exotic shapes, known as pasta phases, are expected to be present in the inner crust of neutron stars [5] [6] [7] . The stable nuclear shape may change from droplet to rod, slab, tube, and bubble. At the crust-core transition density, the pasta nuclei are dissolved into uniform matter since the homogeneous phase has a lower free energy than the pasta phase. In past decades, the existence of pasta phases has been studied using various methods, such as the liquid-drop model [6] and the ThomasFermi approximation [7] [8] [9] [10] . The authors of Refs. [9, 10] investigated the properties of pasta phases within the Thomas-Fermi approximation, and they found that the internal structure of pasta phases and the interface with the homogeneous phase are sensitive to the models used. The differences in the symmetry energy among various models have a significant impact on the pasta phases and the crust-core transition [10, 11] .
The density dependence of the nuclear symmetry energy is very important for understanding many phenomena in both nuclear physics and astrophysics [3, 12] . The symmetry energy E sym at saturation density is constrained by experiments to be around 30 ± 4 MeV, while the slope of the symmetry energy L at saturation density is still rather uncertain and may vary from about 20 to 115 MeV [13] . The effect of the symmetry energy on neutron star properties has been studied by many authors [7, 11, 14] . In Ref. [11] , the influence of the symmetry energy on the crust-core transition was studied using a variety of nuclear effective models, in which the crust-core transition density obtained from the dynamical and thermodynamical methods decreases clearly with increasing L. This correlation between the transition density and L has also been discussed in many works [7, 10, 12] . In Ref. [7] , the properties of nuclei in the inner crust were fund to be sensitive to the density dependence of the symmetry energy using a parametrized Thomas-Fermi approach. The pasta phases were also studied within a self-consistent Thomas-Fermi approach in Ref. [10] , and it was found that L could have dramatic effects on the pasta structure. It is interesting and important to explore clear correlations between L and the crust-core transition.
In this article, we systematically examine how the crust-core transition and pasta phase properties depend on the symmetry energy slope L using the coexisting phases method.
We employ the Wigner-Seitz approximation to describe the inner crust matter, in which the conditions of β equilibrium and charge neutrality are satisfied. The properties of the Wigner-Seitz cell can be obtained from the energy minimization for zero temperature matter.
In the coexisting phases method, the matter inside the Wigner-Seitz cell separates into a dense phase and a dilute phase which satisfy Gibbs conditions for phase equilibrium. We use the relativistic mean-field (RMF) approach to describe these two phases, while the surface tension is properly determined by a Thomas-Fermi calculation. The RMF theory has been successfully used to study various phenomena in nuclear physics over the past decades [15] [16] [17] . The RMF theory has recently been reinterpreted by the relativistic Kohn-Sham density functional theory, which has been widely employed in the treatment of the quantum manybody problem in atomic, molecular, and condensed matter physics. In the RMF approach, baryons interact through the exchange of isoscalar scalar and vector mesons (σ and ω) and an isovector vector meson (ρ), while the parameters are generally determined by fitting to some nuclear matter properties or ground-state properties of finite nuclei. In the present work, we employ two different RMF models, namely the TM1 [18] and IUFSU [19] parametrizations, so that we can examine the model dependence of the results obtained. It is known that both TM1 and IUFSU models can well reproduce the ground state properties of finite nuclei, including unstable nuclei, and a maximum neutron-star mass ∼ 2M ⊙ . The TM1 model has been successfully used to construct the equation of state for supernova simulations and neutron stars [20, 21] , while the IUFSU model was proposed to overcome a smaller neutron-star mass predicted by the FSU model [19] . These two models include nonlinear terms for both σ and ω mesons, while the IUFSU model includes an additional ω-ρ coupling term. It has been extensively discussed that the ω-ρ coupling plays an important role in modifying the density dependence of the symmetry energy and affecting the neutron star properties [10, 14, [22] [23] [24] . In order to examine the influence of L on pasta phase properties, we generate two sets of models based on the TM1 and IUFSU parametrizations. In one set of models, all saturation properties are the same except the symmetry energy slope L, which is controlled by tuning the ω-ρ coupling strength. By using the set of models with different L, it is possible to study the impact of L on the crust-core transition and pasta phase properties.
This article is arranged as follows. In Sec. II, we present the formalism used in the present work. In Sec. III, we show the numerical results and discuss the influence of L on pasta phase properties and possible correlations between L and the crust-core transition. Section IV is devoted to the conclusions.
II. FORMALISM
We adopt the Wigner-Seitz approximation and the coexisting phases method to describe the inner crust matter, in which the conditions of β equilibrium and charge neutrality are satisfied. The matter inside the Wigner-Seitz cell separates into a dense phase and a dilute phase. We use the RMF theory to describe these two phases. In the RMF approach, baryons interact through the exchange of isoscalar scalar and vector mesons (σ and ω) and an isovector vector meson (ρ). We employ the TM1 [18] and IUFSU [19] parametrizations of the RMF models, which are known to be successful in reproducing the ground state properties of finite nuclei including unstable nuclei. The nucleonic part of the Lagrangian density takes the form
where ψ is an isodoublet nucleon field. σ, ω µ , and ρ aµ are σ, ω, and ρ meson fields with masses m σ , m ω , and m ρ . W µν and R aµν are the antisymmetric field tensors for ω µ and ρ aµ , respectively. It is known that the inclusion of nonlinear σ terms is essential to reproduce the properties of nuclei quantitatively and provides a reasonable value for the incompressibility, while the nonlinear ω term is added to reproduce the density dependence of the nucleon selfenergy obtained in the relativistic Brueckner-Hartree-Fock theory [18] . We include the ω-ρ coupling term as described in [19] , which is essential in modifying the density dependence of the symmetry energy.
In the RMF approximation, the meson fields are treated as classical fields and the field operators are replaced by their expectation values. For a static system, the nonvanishing expectation values are σ = σ , ω = ω 0 , and ρ = ρ 30 . The energy density of homogeneous nuclear matter can be written as
and the pressure is given by
where M * = M + g σ σ is the effective nucleon mass. With the TM1 and IUFSU parameter sets listed in Table I , we can achieve similar values for the saturation density and binding energy per nucleon, but different results for the symmetry energy [18, 19] . The symmetry energy E sym is given by
where n b is the baryon number density, α = (n n − n p ) /n b is the asymmetry parameter, and
The slope of the symmetry energy L at saturation density n 0 is given by
We note that E sym = 36.9 MeV and L = 110.8 MeV are obtained for TM1, while E sym = 31.3
MeV and L = 47.2 MeV are obtained for IUFSU.
In order to study the effect of L clearly, we generate two sets of models, which are based on the TM1 and IUFSU parametrizations. In one set of models, all saturation properties are the same except the symmetry energy slope L. We determine the model parameters by adjusting simultaneously g ρ and Λ v so as to get a given L and keep E sym unchanged at saturation density. For the TM1 case, we consider that L varies from 50 MeV to 110.8
MeV which is the value of the original TM1 model. For the IUFSU case, the range of L considered is relatively small, 47.2 ≤ L ≤ 80 MeV. This is because smaller L like 40 MeV or larger L like 90 MeV in the IUFSU case will predict negative pressures at some densities in pure neutron matter, which is not suitable for the description of dripped neutron gas existing in the inner crust of neutron stars. Using the set of models with different L, it is possible to study the impact of L on the crust-core transition and pasta phase properties.
In Ref. [14] , the authors have kept the symmetry energy fixed at the density 0.12 fm −3 .
We prefer to fix E sym and vary L at saturation density so that it is easy to compare with other studies [7, 10, 12] . In the present work, we use two different RMF models (TM1 and IUFSU) to examine the model dependence of the results obtained. In Tables II and III, we present the parameters, g ρ and Λ v , generated from the TM1 and IUFSU models for different symmetry energy slope L and fixed symmetry energy E sym at saturation density.
We adopt the Wigner-Seitz approximation to describe the inner crust matter, which consists of nuclei surrounded by electron and neutron gases. The conditions of β equilibrium and charge neutrality are assumed to be satisfied inside the Wigner-Seitz cell. We use the coexisting phases method [8, [25] [26] [27] to study the properties of the Wigner-Seitz cell. The matter inside the cell separates into two coexisting phases with a sharp interface. The dense and dilute phases are denoted by phase I and phase II, respectively. These two phases satisfy Gibbs conditions for phase equilibrium. In order to obtain the properties of phase I and phase II, we simultaneously solve the following equations:
where n 2 . The total pressure P including contributions from baryons and electrons is given by P = P b + P e with P b = P I = P II . We consider a charge neutral cell, where the electron density n e is equal to the average proton density n p .
The volume fraction f of phase I is determined by
The total energy density of the system is given by
where ε e , ε surf , and ε Coul denote the electron, surface, and Coulomb energy densities, respectively. It is known that nuclear pasta phase is mainly determined by the competition between the surface and Coulomb energies [6] . The surface energy density is expressed as
where τ is the surface tension, D = 1, 2, 3 is the geometrical dimension of the system, and R D is the radius of the droplet (rod or slab). F is the volume fraction of the inner part, we take F = f for droplets, rods, and slabs, while F = 1 − f for bubbles and tubes. The
Coulomb energy density is given by
where
By minimizing ε surf + ε Coul with respect to R D , we get ε surf = 2ε Coul . The radii of the droplet (rod, slab) and that of the Wigner-Seitz cell are respectively given by
The surface tension τ plays a crucial role in determining the crust-core transition in neutron stars [9, 25] . In Ref. [25] , the authors have shown that the appearance of pasta phases essentially depends on the value of the surface tension. It has been found in Ref. [8] that a parametrized surface tension may fail to predict the appearance of the pasta phase in β equilibrium matter. Therefore, it is very important to determine the surface tension in a proper manner. In this work, we calculate the surface tension using a Thomas-Fermi approach with the same RMF parametrization as that used in the coexisting phases. We adopt the method described in [9, 28, 29] , where the surface tension is calculated by a onedimensional system consisting of protons and neutrons. We consider a semi-infinite slab with a plane interface which separates a dense matter from a dilute neutron-rich matter.
The axis perpendicular to the interface is taken to be the z axis. When z goes to −∞ (+∞), the neutron and proton densities approach the values of phase I (II), which are achieved by solving Eqs. (6)- (11) . With the density profiles obtained in the Thomas-Fermi approach, we calculate the surface tension as [28] 
Also, the surface tension can be obtained from the derivatives of the meson fields as [9] 
In Ref. [9] , the authors have checked numerically the equivalence between Eqs. (19) and (20) . Here, we confirm that the values of the surface tension calculated by Eqs. (19) and (20) are very close with each other.
We calculate the energy density of the system by Eq. (13) at a given density n b for all nuclear shapes considered (droplet, rod, slab, tube, and bubble). The stable shape of the pasta phase is finally taken as the one with the lowest energy density for zero temperature matter. The energy density of corresponding homogeneous phase at the same n b is also calculated and compared with that of the pasta phase. The crust-core transition occurs at the density where the homogeneous phase has a lower energy density than the pasta phase. Using modified versions of TM1 (IUFSU) with different L, it is possible to study the influence of L on the crust-core transition and pasta phase properties.
III. RESULTS AND DISCUSSION
In this section, we investigate the effect of the symmetry energy slope L on properties of pasta phases and the crust-core transition. In order to study the influence of L clearly, we use two sets of models generated from the TM1 and IUFSU parametrizations. Note that all models in each set have the same symmetry energy E sym but different slope L at saturation density. In Fig. 1 , we plot the symmetry energy, E sym , as a function of the ratio of baryon density to saturation density, n b /n 0 , for the set of models generated from TM1
(upper panel) and IUFSU (lower panel). The symmetry energy is fixed at the original value 36.9 (31.3) MeV at saturation density in the case of TM1 (IUFSU). It is shown that a larger L corresponds to a smaller E sym at subnuclear densities, and, as a result, favors a more neutron-rich matter for homogeneous phase in comparison with a smaller L. The density dependence of E sym would be the main reason for correlations between L and the crust-core transition and pasta phase properties. On the other hand, the density dependence of E sym also affects the masses and radii of neutron stars [14, 24] . In general, the star radius increases with the symmetry energy slope L, while the maximum mass does not strongly depend on L.
We calculate neutron-star masses using the two sets of models generated from the TM1 and In the present study, we focus on the correlation between the symmetry energy slope L and the crust-core transition. We consider the inner crust matter consisting of protons, neutrons, and electrons in β equilibrium. The coexisting phases method is used to describe the matter inside the Wigner-Seitz cell, in which the nuclear matter is assumed to separate into two coexisting phases: a dense phase (phase I) and a dilute neutron-rich phase (phase II). The electrons are treated as a uniform gas in the cell, which does not affect the two coexisting phases of nuclear matter. We obtain the properties of phase I and phase II by solving the Gibbs conditions, Eqs. (6)- (11), at a given baryon pressure P b . In Fig. 2 First, the pressure of neutron-rich matter at fixed density and proton fraction generally increases with increasing L [11] . But second, the density at the critical point decreases with increasing L, which causes a decrease of the pressure. Third, the shift of the proton fraction at the critical point may also affect the critical pressure. These competing effects lead to a nontrivial dependence of the critical pressure on L as shown in Figs. 2 and 3.
In Fig. 4 , we show the surface tension τ as a function of the proton fraction in the dense phase, Y I p , which is obtained using a Thomas-Fermi approach. The surface tension τ is calculated by a one-dimensional system consisting of protons and neutrons. The densities at minus (plus) infinity are close to the values of phase I (II), while the density profile is obtained in the Thomas-Fermi approach. It is shown that τ in all cases decreases monotonically with decreasing Y I p . As for the dependence of τ on L, it is found that τ for all L is almost identical near Y I p = 0.5 due to the same isoscalar properties among models in each set. As Y I p decreases, τ shows a clear dependence on L. A smaller L produces a larger τ , which is consistent with other studies [10, 26] . In the set of IUFSU, the original IUFSU model has the smallest L (47.2 MeV), so it has the largest surface tension. For the case of TM1, the original TM1 model has the largest L (110.8 MeV), so it has the smallest τ . Considering the crucial role of τ in determining the crust-core transition, we do not take any parametrized form for τ in the present study, but prefer to use the exact values obtained in the Thomas-Fermi approach. We have checked that using a parametrized form given in Ref. [26] for τ may cause a slight difference for the crust-core transition density in comparison with using the exact values. For instance, the crust-core transition density obtained using the parametrized form given by Eq. (41) [26] ). Therefore, the crust-core transition density (0.068 fm −3 ) given in the Erratum of Ref. [9] (see the sixth line in Table 1 ) seems to be questionable since the global proton fraction has been used for Eq. (41) of Ref. [26] in their calculation. However, if another parametrized form defined by Eq. (45) of Ref. [8] is used for the same case, the homogeneous phase always has the lowest energy density, and as a result the existence of pasta phases in neutron star crusts could not be achieved. The failure in predicting the existence of pasta phases is due to Eq. (45) giving too large surface tension as shown in Fig. 6 (c) of Ref. [8] . By comparing results with different treatments of τ , we find that the surface tension plays a very important role in determining the crust-core transition. On the other hand, different treatments of τ will not change the onset densities of various shapes in pasta phases, which is because the stable shape is determined by the energy difference between various shapes. We note that only the sum ε surf + ε Coul in Eq. (13) depends on τ , which is proportional to τ 2/3 based on Eqs. (14) and (17) . The transition between two pasta shapes occurs at the density where their energy difference changes sign, but this cannot be altered by the value of τ . In the present study, we perform a self-consistent calculation for τ within the Thomas-Fermi approach.
For pasta phases, we consider five nuclear shapes: droplet, rod, slab, tube, and bubble.
The most stable shape among them is the one with the lowest energy density calculated by Eq. (13) . At lower densities, the shape of stable nuclei is spherical (droplet). In Figs. 5 and 6, we plot the proton number Z and nucleon number A inside spherical nuclei as a function of the average baryon density n b . For larger L, it is found that both Z and A decrease with increasing density, but opposite behavior is observed for smaller L, as in the case of the original IUFSU model. The density dependence of Z and A is consistent with that obtained in other works [7, 10] . On the other hand, Z and A increase monotonically with decreasing L at a fixed density n b . This L dependence is related to the behavior of the surface tension τ as shown in Fig. 4 . It could be understood from the size equilibrium condition, ε surf = 2ε Coul , which gives the result that the proton number Z increases with increasing surface tension τ and nuclear radius R D . Therefore, a smaller L favors larger τ , Z, A, and R D . In Fig. 7, we show the resulting radius of the nucleus R D and that of the Wigner-Seitz cell R W given by Eqs. (17) and (18) . It is found that R W decreases with density clearly, whereas R D does not have obvious density dependence for large L at low densities. This tendency is related to the increase of nuclear volume fraction with density. The jumps in R D and R W at n b > 0.05 fm −3 correspond to shape transitions in pasta phases. In Fig. 8 , we display the density IUFSU, we find that the two sets of models have a similar L dependence. These results also agree with those obtained in Refs. [7, 10] .
The crust-core transition occurs at the density where the homogeneous phase has a lower energy density than the pasta phase. It is important to investigate possible correlations between L and the crust-core transition. In Fig. 9 , we plot the crust-core transition density n b,t as a function of L. It is seen that there exists a clear correlation between L and n b,t .
This result is in good agreement with those obtained by other methods [7, 11, 22, 23] . In the case of the original TM1 model, we obtain n b,t = 0.058 fm −3 , while the crust-core transition densities obtained from the dynamical and thermodynamical methods are respectively 0.06 and 0.07 fm −3 as given in Table II of Ref. [11] . The difference is mainly due to the Coulomb and surface effects being taken into account in the coexisting phases method used here, while they are not included in the thermodynamical method. In Fig. 10 , we display the proton fraction at the crust-core transition Y p,t as a function of L. It is clear that Y p,t decreases with increasing L. These results are consistent with those obtained in Ref. [11] . The tendency is due to a larger L being related to a smaller symmetry energy at subnuclear densities, and, as a result, corresponding to a smaller proton fraction in β equilibrium matter. In Fig. 11 , the core-crust transition pressure P t is shown as a function of L. We find that P t decreases with increasing L for large L region (L > 60 MeV) in both TM1 and IUFSU cases. This observation is different from that obtained in Ref. [11] , which concluded that no satisfactory correlation could be seen between the transition pressure and L, which is very sensitive to the model used. As shown in Fig. 11 , the correlation between L and P t becomes weaker close to L ∼ 60 MeV, and this trend has also been observed in Ref. [11] .
The nontrivial dependence of P t on L is again a result of the competing effects discussed above. For neutron-rich matter at fixed density and proton fraction, the pressure should increase with increasing L. However, the decrease of n b,t with L as shown in Fig. 9 causes a decrease of P t with increasing L. On the other hand, the decrease of Y p,t with L is also expected to affect the dependence of P t on L, but this effect is found to be very small [31] .
The competing contributions to the variation of P t with L have been thoroughly analyzed using a generalized liquid-drop model in Ref. [31] . Here, we find that P t depends on L nonmonotonically as shown in Fig. 11 , which is due to the balance between the competing effects.
In closing this section, we discuss how sensitive the results obtained depend on the RMF models used. By comparing the results of TM1 with those of IUFSU, we find that they exhibit qualitatively similar behavior in the crust-core transition and pasta phase properties, especially their dependence on the symmetry energy slope L. In both TM1 and IUFSU models, a larger L favors a lower transition density n b,t , a smaller proton fraction Y p,t , and a lower transition pressure P t as shown in Figs. 9, 10, and 11. On the other hand, a smaller L is related to a larger surface tension τ and more complex pasta phases. In general, the results obtained in this study are consistent with those given by other methods. We confirm that there exist clear correlations between the symmetry energy slope L and the crust-core transition and pasta phase properties.
IV. CONCLUSION
In this article, we have studied the effects of the symmetry energy on nuclear pasta phases in neutron stars. Especially, we have systematically examined possible correlations between the symmetry energy slope L and the crust-core transition and pasta phase properties.
We have employed the RMF theory and the coexisting phases method to investigate the properties of pasta phases and the crust-core transition. To study the influence of L, we have generated two sets of the RMF models based on the TM1 and IUFSU parametrizations.
In one set of models, all saturation properties are the same except the symmetry energy slope L which is controlled by tuning the ω-ρ coupling strength. By using the set of models with different L, it is possible to study the impact of L on the crust-core transition and pasta phase properties. The results have been compared with those obtained from the dynamical and thermodynamical methods [11] and with that of the Thomas-Fermi calculations [7, 10] .
We have investigated the properties of pasta phases considering five nuclear shapes:
droplet, rod, slab, tube, and bubble. It has been found that only the droplet configura- Z and A increase monotonically with decreasing L at a fixed density. These results are consistent with those obtained in other works [7, 10] . Considering the crucial role of the surface tension in determining the crust-core transition, we have performed a self-consistent calculation for the surface tension τ within the Thomas-Fermi approach. It has been found that a smaller L produces a larger τ , and as a result, relates to larger Z and A in spherical nuclei.
We have observed clear correlations between the symmetry energy slope L and the crustcore transition density n b,t , proton fraction Y p,t , and pressure P t . It has been shown that both n b,t and Y p,t decrease with increasing L, which can be related to the density dependence of the symmetry energy at subnuclear densities. These results are consistent with those obtained by other methods [7, 11] . As for the transition pressure P t , we have found that P t decreases with increasing L for the large-L region (L > 60 MeV) in both TM1 and IUFSU cases. This observation is different from that obtained in Ref. [11] .
We have compared the results obtained using two different RMF models, namely the TM1 and IUFSU parametrizations. It has been shown that they exhibit qualitatively similar behavior in the crust-core transition and pasta phase properties, especially their dependence on the symmetry energy slope L. In general, the results obtained in this study are consistent with those given by other methods. We note that nuclear shell and paring effects are neglected in the present study. It would be very interesting to examine how these effects influence various properties of pasta phases. 
